
T H E  T U R B U L E N T  B O U N D A R Y  L A Y E R  IN  T H E  I N I T I A L  S E G M E N T  

OF A X I S Y M M E T R I C  C H A N N E L S  W H E N  F L O W  S W I R L I N G  O C C U R S  

AT T H E  I N L E T  

G.  V.  F i l i p p o v  a n d  V.  G.  S h a k h o v  UDC 532.517.4 

We present an approximate solution for the problem of a turbulent boundary layer in an in- 

compressible liquid in the case of flow swirling at the inlet. 

The twisted flow of a liquid in channels is used in a variety of equipment and installations. 

The frictional losses are one of the fundamental factors governing the energy expended on the move- 
ment of the working fluid through the channels. The development of a boundary layer at the walls of the 

channel leads to a change in the pressure recovery factor which is an indication of channel efficiency. Equal- 
ly important is the determination of the point of separation. 

To determine the above-enumerated characteristics, we should examine the flow of a viscous liquid. 

In actual practice we usually deal with flows having a turbulent boundary layer at a solid surface. A 
theoretical investigation of such flows is found in [1-3]. 

However, in the cited literature we find indications only of the possibility of a basic solution for such 

problems and no quantitative estimates are given for the effect of flow swirling. Moreover, the authors 

assume an approximate flow model in a nonviscous core, assuming it should be potential, with the vortex 
situated along the channel axis, which is a special form of swirling. 

Below we present an approximate solution for the problem of the turbulent boundary layer in an in- 

compressible liquid for the case of flow swirling at the charmel inlet. Consideration has been given to the 

effect of the transverse curvature of the solid surface on the boundary layer and to the mutual effect of the 

transverse and longitudinal components of the coefficients of turbulent friction and the velocity profiles in 

the boundary layer. A number of quantitative extimates are given. No limitation has been imposed on the 
form of the swirling. 

i. Integral Relationships for the Boundary Layer. The equations of motion in the boundary layer in 

a cylindrical coordinate system, with consideration of axial symmetry, has the following form [4]: 

Ou Ou 1 Op + 1 O(r~i) 
U -~x + v ~ p Ox p-7 Or ' 

Ow , Ow + vw _ 1 O(r~T2) ( i )  
u ~ -  T V ~ -  r p r~ Or ' 

Op w 2 O (ru) O (rv) 
Or =p r ' Ox -}- Or - -0 .  

The boundary conditions 

(2) 
r = R - - 5 ,  u = U ,  W = W o .  

Neglecting the effect of rotation on the t r ansve r se  p r e s s u r e  gradient  in the boundary layer  (since in 
the initial segment where the swirling is intensive the thickness of the layer  is small, andwhere the th iekness  
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of the l a y e r  is c o m p a r a b l e  to the tube rad ius  the swir l ing  is weak) and taking into c o n s i d e r a t i o n  the e x p e r i -  
men ta l  fac t  [5, 6] 

r2w-~ ~- = ~ -  ~ 0.03, 

we turn  in the n o r m a l  fash ion  f r o m  s y s t e m  (1) to the in t eg ra l  r e la t ionsh ip  of the boundary  layer :  

d~,*x* 1 dU R~:o 
dx + ~*~*(2+ H)-U-  dx -- pUs , 

d ** R2,~zo 
-dx-x (UwoRex~)= P , 

6 

O z =  I - - - ~ -  ( R - - y ) d g ,  (3) 

0 
6 j. ** t t  Y~9 

~ v  = U R~ao" (R -- g) dg, 
o 

o 

2. F r i c t i o n a l  S t r e s s  and Veloc i ty  P r o f i l e s .  The s y s t e m  of two di f ferent ia l  equat ions  (3) conta ins  5 
unknowns (dx**, I-I, r10, d ~ ,  r20). To c lose  this  s y s t e m  we have to es tab l i sh  3 addit ional  r e l a t ionsh ips .  

We will  adopt  the P ra nd t l  t w o - l a y e r  b o u n d a r y - l a y e r  model .  At s o m e  d is tance  f r o m  the  channel  wal l s  
we have 

~ i = - - P < U ' V ' } ,  x 2 = - p < w ' v ' } .  (4) 

On the b a s i s  of the r e s u l t s  [7] we will  a s s u m e  the fol lowing re l a t ionsh ips  between the f r i c t iona l  s t r e s -  
se s  and the a v e r a g e d  componen t s  of ve loc i ty  in the boundary  layer :  

~i ] ~ (5) = - 0 r -  

\ ~2 ] ar ] 

Since the angle  is smal l ,  in f i r s t  app rox ima t ion  we will  neg lec t  the effect  of the p r e s s u r e  g rad ien t  
on the ve loc i ty  p ro f i l e s .  F r o m  the condi t ion of equ i l ib r ium for  the l iquid vo lumes  in the boundary  l aye r  we 
wil l  then have  

rml = Rxio, r2~2 = R2Xzo. (6) 

A s s u m i n g  l = ky and in tegra t ing  (5) with c o n s i d e r a t i o n  of (6), we have 
g j, u =  vt, ~/ V R/r d g + M6 

k I + A -I (R/r) 2 g 
o 

g 

Y -  Rv2* (' 1 dy 
4 , + Mz" 

k J 1/ I + A ( r / R )  ~ g 

(7) 

o 

Since (6) is va l id  nea r  the wall,  i . e . ,  when r /R  ~ 1, in (7) we will  a s s u m e  in b inomia l s  that  r / R  = 1. 
Then  with c o n s i d e r a t i o n  of (2) the ve loc i t y  p ro f i l e s  will  be d e s c r i b e d  by the equat ions 

u O = l  + B in ( V R - - - !  R - - y ) ( V R - - [ - I ' R - - 6 )  

C Y ~ = 1 + In go. 
Z 2 

(8) 

We note that  when 0 -< A -< oo: 

O ~ B ~ I ,  l > C ~ O .  
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Fig .  1. Dis t r ibu t ion  of swi r l ing  v e l -  
oc i ty  (a) and of the axial  ve loc i ty  (b) 
outs ide  of the boundary  l a y e r  on the 
b a s i s  of expe r imen ta l  r e s u l t s  [5]: 1) 
Re = 5000; 2) 10,000; 3) 15,000; 4) 
20,000; 5) 25,000, ((1-5) x ~ = 12); 6) 
25,000, x ~  24; 7) 25,000, x ~  48. 

When B = 1 (the flow is not twisted)  the f i r s t  equation in (8) 
co inc ides  with the equation fo r  the ve loc i ty  p ro f i l e  in a x i s y m m e t -  
r ic  channe ls  without  swir l ing  [8]. When C = 1 (the ro ta t ion  of the 
body in a nonmoving  medium)  the second  equation in (8) changes  
into the p rof i l e  of the c i r cu la t ion  o b s e r v e d  expe r imen t a l l y  in l inear  
v o r t i c e s  [9]. 

3. R e s i s t a n c e  Laws.  Equat ions  (8) at  the wall  (when y = 0) 
do not sa t i s fy  the adhes ion  condi t ions  (2). In a c c o r d a n c e  with the 
t w o - l a y e r  b o u n d a r y - l a y e r  model ,  let us  tu rn  to the l a m i n a r  sub-  
l a y e r ,  A s s u m i n g  that  the p a r a m e t e r s  of the l a t t e r  a r e  funct ions  
not only of the t echn ica l  p r o p e r t i e s  of the liquid and the magni tudes  
of the f r i c t iona l  s t r e s s e s  at the wall,  but a l so  of the t r a n s v e r s e  
c u r v a t u r e  of the channel  [8], we wr i t e  the d i s t r ibu t ion  of the v e l o c -  
i t ies  in the l a m i n a r  sub l aye r  in the fol lowing fo rm:  

u B%lw In R - - g  
~1t* R 

- =  [ ( r C%1~ I - -  1 - -  

F, 2 

1 v~, + v~,R k Ne e k Ree• 

v B 2 z i C ~ z 2 

(9) 

Equat ions  (8) and (9) shou!d be r e g a r d e d  as  iden t ica l ly  va l id  
at  the bounda ry  of the l a m i n a r  s u b l a y e r  (y = 6l). A s s u m i n g  in these  

equat ions  that  y = 5 l = c~R/N w and equat ing one with the other ,  we obtain the re la t ionsh ip  be tween the f r i c -  
t ional  s t r e s s  at the s u r f a c e  and the th i ckness  of the bounda ry  l aye r  - the s o - c a l l e d  r e s i s t a n c e  laws:  

z , - - I n  (1--w 1 - - 6 / R ) ( I + ~  1 - - a l % ) _ k , l w B l n ( l a _ _ ] ,  
B ( 1 - - 1  1 - - a / q ~ ) ( i  + ] / ~ )  \ nw] 

[ ( L ; ]  ~ 

z 2 =kC~]~ 1 - -  i - -  - - l n - - .  
C 2 *1~, 

(lO) 

When B = 1 the f i r s t  equat ions  in (9) and (10) co inc ide  with the c o r r e s p o n d i n g  equat ions  de r ived  in [8]. 

As in [8], we will  a s s u m e  that  k and ~ a r e  equal to the i r  va lues  f o r  the p lane  e a s e  (k = 0.4; c~ = 11.5). 

Condit ional  A r e a s .  Since the p ro f i l e s  (8) of the ve loc i ty  and c i r cu l a t i on  have been  de te rmined ,  it is 
not diff icult  to ca l cu la t e  the  condi t iona l  a r e a s :  

R$ z, ~ 3 3 ' 

~x** 8" B2 R 0'2/8 ]nfi 8 l n ~ ,  3 ~ )  
= x t ' - -  •  ' R~ R o  2 +- z~ ~ -  w 3 4R 

o..x  o: I c(  . )  
Z 2 Z 1 ZlZ 2 

h = (1 + V ? ) / ( ~ - V ~ - ) ,  & =(1 _~o~)/2, 

I 3 = - R "  R 2 R - - R  - 1 4 R q---'4 

~ ( ,  o~/~ r~,,~ ) 6 7V~ 
f~ = In R R 8 - -  - ~ - r  -t- - -  f i tn - - l n f ~  

- -  r ~ - -  1 lnf2 
4 2 R 3 12 3 24 

When B = 1 the f i r s t  two equat ions  in (11) a r e  analogous  to the c o r r e s p o n d i n g  equat ions  in [8]. 

(11) 

5. Reduct ion  of I n t e g r a l B o u n d a r y - L a y e r  Re la t ionsh ips  into a Sys t em of In t eg ra l  Equa t ions .  Having 
p r e s e n t e d  the funct ions  E and D in the f o r m  

E = E o + AE, D = D O + A D  
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R e s i s t a n c e  f a c t o r  f o r  a cy l i nd r i ca l  tube.  
r e s u l t s  [5]. 
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The dashed  line shows expe r imen ta l  

F ig .  3. R e s i s t a n c e  f a c t o r  f o r  a conic d i f fuser .  The  dashed  l ines  denote the reg ion  of 
expe r im e n t a l  data [6] (Re = (1-7) �9 105; the sol id  l ines  r e p r e s e n t  the t heo re t i ca l  cu rves ,  
with the upper  l ine r e p r e s e n t i n g  Re -- 7 �9 105, and the lower  l ine denoting Re = 105. 

and having  mul t ip l ied  the f i r s t  equat ion in (3) by R~ ~ a f te r  in tegra t ion  we obtain 
X o 

)~ - -  uOEoRODo D O Re (1 + F) U~176176176 ~ Xt t Kt , 
(12) ,o 

F (Z, P~, Pz) --- 3 o l  [Ptx AE + (I + Pzz) AD]. 

The  second  equat ion in (3) is i m m e d i a t e l y  in t eg ra t ed  with the aid of the p r e s e n t a t i o n  of the funct ion L 

in the f o r m  L = L 0 + AL: 

x"  

�9 ' ; (  . oo.]  
Rxv = • o Lo Re 1 + AL., •176176 ~ + R~v~• �9 (13) 

Thus  we have  de r ived  the s y s t e m  of in teg ra l  equat ions (12) and (13) to d e s c r i b e  the flow in a tu rbulen t  

bounda ry  l a y e r  in the p r e s e n c e  of twis t ing .  

F o r  the solut ion of s y s t e m  (12)- (13) we have  to es tab l i sh  the r e l a t ionsh ips  

('* AD = AD (;G Ree, B), AE = AE O~, Ree, B) and AL = AL Rxy, B, Re e, zl . 

Func t ions  AD and AE a r e  d e t e r m i n e d  f r o m  (11) by e l imina t ing  z 1. The  funct ion AL is obtained f r o m  
(11) th rough  the  in t roduc t ion  of the subst i tu t ion 

z 2 I z2 1 - -  B ~ 
Z !  ~ - 

• ~/r A • B~ 

6. A Method of Calcula t ing  Flow in a Nonviscous  Core .  As was  noted ea r l i e r ,  in [1-3] e t c . ,  the flow 
in a nonv i scous  c o r e  is a s s u m e d  to be  potent ia l  with the vo r t ex  s i tua ted  at the ehanneI  ax is .  This  s c h e m e  
does not  c o r r e s p o n d  to r e a l i t y  and, m o r e o v e r ,  fa i ls  to r e f l e c t  the d i v e r s i t y  of twis ted  f lows.  It fol lows f r o m  
an examina t ion  of the expe r imen ta l  r e s u l t s  of [5, 6] e t c . ,  that  the ve loc i ty  p ro f i l e s  outs ide  of the bounda ry  
l a y e r  a r e  s i m i l a r .  If we plot  r~ along the ho r i zon ta l  axis  on the graph,  and if we plot  v~ or  u~ along the 
v e r t i c a l  axis  fo r  the v a r i o u s  Reynolds  n u m b e r s  and fo r  the v a r i o u s  d i s t ances  f r o m  the inlet,  al l  of the m e a -  
s u r e d  poin ts  wil l  l ine up n e a r  the g e n e r a l  c u r v e s  (Fig. 1). Consequent ly ,  the swi r l ing  ve loc i ty  for  a non-  
v i s cous  flow c o r e  and the longitudinal  s u r f a c e  within the flow c o r e  in the f i r s t  app rox ima t ion  can be chosen  

in the f o r m  

v = k~ (x) i (r), u = uo (x) + k~ (x) q~ (r). 
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T h e  func t ions  f ( r )  and  q)(r) a r e  d e t e r m i n e d  by  the  d e s i g n  of the  d i f f u s e r  a s s e m b l y  and m a y  b e  a s s u m e d  to b e  
known.  The  func t ions  k~(x) and  u0(x) a r e  found f r o m  the cond i t ion  of a c o n s t a n t  f low r a t e  and  the  c o n s e r v a -  
t ion  of a n g u l a r  m o m e n t u m ,  wi th  c o n s i d e r a t i o n  g iven  to the  ef fec t  of the  f r i c t i o n a l  f o r c e s  in the  b o u n d a r y  
l a y e r .  

7. The  S i m p l i f i e d  Method .  
m e t e r  B.  

If we deno te  

It has turned out to be possible, 

by means of the equations 

We s e e  f r o m  (12) tha t  i t  i s  a s s o c i a t e d  wi th  (13) only in t e r m s  of the  p a r a -  

z~ = zt/B , 

the  f i r s t  two equa t ions  in (11) wi l l  be  a n a l o g o u s  to  the  c o r r e s p o n d i n g  equa t ions  fo r  f low in a channe l  wi thout  
t w i s t i n g  [8], and the  f i r s t  equa t ion  (10) a s s u m e s  the  f o r m  

(1 - -  V ~ )  (1 + V I  - - a / ~ - ~  ) _ k ~ l . ~ B I n [ l  a z ~ = l n  ( , - ,  1 - ~ / ~ ) ( I  +~ ,--~/R) t ~ )  (14) 

T h e  l a t t e r  i s  d i s t i n g u i s h e d  f r o m  the  c o r r e s p o n d i n g  equa t ion  in [8] by  the  f a c t o r  B in the  s e c o n d  t e r m  of the  
r i g h t - h a n d  m e m b e r .  

F o r  a low t w i s t i n g  r a t i o  04 < 2.0)B is  a l i t t l e  d i f f e r e n t  f r o m  un i ty .  T h e r e f o r e ,  if we a s s u m e  in (14) 
tha t  B = 1, i t  w i l l  be  i d e n t i c a l  to t he  c o r r e s p o n d i n g  equa t ion  fo r  the  c a s e  of u n t w i s t e d  flow in which  z 1 has  
been  r e p l a c e d  by  z ~ C o n s e q u e n t l y  

zl7~0 = 1. (15) 

R e c a l l i n g  the  de f in i t ion  of X, f r o m  (15) we  obta in  

cfo R~* (16) 
cl -  B~ R;; 

** and ** on the  b a s i s  of a s e r i e s  of c a l c u l a t i o n s ,  to  a p p r o x i m a t e  R x Rx0 

tha t  

lg R~* = lg M a + nz~ + M~ lgRe, 

l * *  . g R.0 = lg M a q- nz i q- M~ lgRe. 
(17) 

For the ease in which a flat plate is streamlined when Re > 10 2 we can assume in approximate terms 

z, = 0.2I q- 1,74 lgRe. (18) 

S ince  a c c o r d i n g  to  [7] A m ~-2,  we have  B m (1 + z2)-1/4. Wi th  c o n s i d e r a t i o n  of (17) and (18) i t  then 

fo l lows  f r o m  (16) tha t  

cl = Aci~ (19) 

A(Re,  •  I 1-~-x2exp[0.442(0.26+l.741gRe)(~/1 q - •  

8. C o m p a r i s o n  wi th  E x p e r i m e n t .  The  e x p e r i m e n t a l  da ta  on the  d e t a i l e d  i n v e s t i g a t i o n  of the  t ype  of 
f low u n d e r  c o n s i d e r a t i o n  a r e  e x t r e m e l y  l i m i t e d .  F o r  c o m p a r i s o n  with  c a l c u l a t i o n s  b a s e d  on the p r o p o s e d  
m e t h o d  we u s e  [5] and [6], which  g i v e s  the  r e s i s t a n c e  f a c t o r  a s  a funct ion  of z and Re, a s  we l l  a s  the  v e l o c -  
i t y  p r o f i l e s .  

F i g u r e  2 shows  the  c h a n g e  in the  r e s i s t a n c e  f a c t o r  X in the  e a s e  of a t w i s t e d  l iqu id  f low in a c y l i n d r i c a l  
tube .  On c o m p a r i s o n  wi th  e x p e r i m e n t  [5], the  i n i t i a l  v a l u e  of ~0 was  d e t e r m i n e d  by  e x t r a p o l a t i o n  f r o m  the  
po in t  x ~ = 12, 24, 48, and 84 to  the  po in t  x ~ = 0. We took the a v e r a g e  v a l u e  of z 0 fo r  the  e n t i r e  r a n g e  of 
Re  = 5000 - 25,000, equal  to 2. F o r  s i m p l i c i t y ,  z ( x  ~ as  a func t ion  of ~0 to z = 0 was  a s s u m e d  to be  l i n e a r ,  
wh ich  v i r t u a l l y  c o r r e s p o n d s  to  the  cond i t i ons  of the  e x p e r i m e n t .  The  a g r e e m e n t  b e t w e e n  the  t h e o r e t i c a l  
c u r v e  c a l c u l a t e d  f r o m  (19) and the  e x p e r i m e n t a l  c u r v e  shou ld  be  r e g a r d e d  a s  s a t i s f a c t o r y .  

Our  a t t en t ion  i s  d r a w n  to the  f ac t  tha t  wi th  an i n c r e a s e  in z and Re the  s l o p e  of the  c u r v e  X 04, Re)  
(Fig .  2) d i m i n i s h e s  con t inua l ly ,  which  i s  p a r t i c u l a r l y  n o t i c e a b l e  fo r  the  c u r v e  ~40 = 2. A s i m i l a r  p h e n o m e -  
non was  o b s e r v e d  in the  Koch  e x p e r i m e n t  [10]. 
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T h e  r e s i t a n c e  f a c t o r  k was  m e a s u r e d  in [6] for  the  r a n g e  Re = (1-7) �9 105 at  v a r i o u s  v a l u e s  of ~0. 
The  t h e o r e t i c a l  c u r v e s ,  c a l c u l a t e d  f r o m  (19), a r e  in s a t i s f a c t o r y  a g r e e m e n t  wi th  the  e x p e r i m e n t a l  da ta  
(F ig .  3). 

N O T A T I O N  

A = 0-i0/'r20)2; B = ~ - 7 ( 1  + A ) ;  C = ~-1/(1 + A); 
of i s  the  f r i c t i o n a l  r e s i s t a n c e  f a c to r ;  
cfn i s  the  v a l u e  of cf  when x = 0; 

Do ~, Eo, k, Lo, Mi, M2, M3, M4, n a r e  c o n s t a n t s ;  
D = 1 + (2/zl)R**/(dRx**/dx)l; E = 1 + H; L = k2/z~ ; H = ,~*/,~**; ~ x - - x  
l i s  the  m i x i n g - p a t h  length;  
p i s  the  p r e s s u r e ;  
P i  = - U ~  P2 = - R ~ 1 7 6  Re  = UoRo/~; Re  e = UR/v ;  
R i s  the  r a d i u s  of the  channe l  wal l ;  
R 0 i s  the  v a l u e  of R when x = 0; 
R 0=R/R0; R ~ =dR~176 r ~ I-5/R; R**= Ud x /vR, Rxy- U~xy/VR; 
u, w, and v are the velocity components fn the directions of the axes x, ~, r; 
u ' ,  w ' ,  and v '  
U 

Uo 
U 0 = U/U0;  U 0' = dU0/dx0; 

w 0 
vl ,  = ~-~-~;  v2, = g~--~-; 
x, q9, and r are  cylindrical coordinates; 
x ~  y = R - r ;  y 0 = y / 6 ;  z l=kU/v l , ;  z 2 = k F 1 / F , ;  
6 

F = r w ;  Fi = Rw0; F ,  = Rv2, ;  

0 
x = r l / R U ;  

x 0 
k 

p 

P 
T 1 and T 2 

"rio and T2o 
x = (z A2)Rx**; 
X0 
<> 

a r e  the  t u r b u l e n c e  p u l s a t i o n s  of the  v e l o c i t y  c o m p o n e n t s ;  
i s  the  v a l u e  of the  v e l o c i t y  u ou t s i de  of the  b o u n d a r y  l a y e r ;  
i s  the  v a l u e  of U when x = 0; 

i s  the  v a l u e  of w ou t s i de  of the  b o u n d a r y  l a y e r ;  

i s  the  t h i c k n e s s  of the  b o u n d a r y  l a y e r ;  

i s  the  h a l f - a n g l e  of d i v e r g e n c e  fo r  the  d i f fu se r ;  

i s  the  v a l u e  of x when x = 0; 
i s  the  channe l  r e s i s t a n c e  f a c t o r ;  
i s  the  k i n e m a t i c  c o e f f i c i e n t  of v i s c o s i t y ;  
i s  the  dens i ty ;  
a r e  the  f r i c t i o n a l  s t r e s s  c o m p o n e n t s  a long  the  ax i s  of r o t a t i o n  and 

in the  c i r c u m f e r e n t i a l  d i r e c t i o n ,  r e s p e c t i v e l y ;  
a r e  the  v a l u e s  of ~'1 and T 2 a t  the  channe l  wal l ;  

i s  the  v a l u e  of X when x = O;. 
deno t e s  a v e r a g i n g .  
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